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Chapter 3
Modelling of Oﬀshore Crane Systems
3.1 Introduction
The chapter begins with the generalisation of cranes dynamics by using the
Lagrangian mechanics as the preliminary to the model derivations. From the Euler-
Lagrange formulation, the dynamic models of oﬀshore gantry crane and boom crane
are derived by considering the vessels’ motion. For each crane types, 2-D and 3-D
models are developed with full system dynamics with respect to system dimensions.
To facilitate the ﬁrst-order sliding mode control designs in the latter chapter, we
provide the linearised forms of 2-D oﬀshore crane models.
3.2 Euler-Lagrange equation for cranes
In this section, we provide the generalisation of oﬀshore crane dynamics based on
Lagrangian mechanics. The oﬀshore crane models are derived based on the following
assumptions:
i. The payload is considered as a point mass.
ii. The crane’s support mechanism (girder or boom) has even mass distribution.
iii. The rope or cable is massless and there always exists strain in the rope so that
the rope will not bend under the motion of vessel or crane.
Consider a crane system consisting of r links and suppose the mass of link k is mk.
Let center of mass mk has position vector pk ∈ R3. Thus, the kinetic energy of the
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system is
K = 1
2
r∑
k=1
mk‖p˙k‖2
and the potential energy of the system is
P =
r∑
k=1
mk[0 0 g]pk
where g is the gravitational acceleration. It follows that, the Lagrangian of the
system can be obtained as
L = K − P .
Let q ∈ Rn be the vector of generalised coordinates and τ ∈ Rn be the corresponding
generalised forces. By applying the Euler-Lagrange formulation
d
dt
(
∂L
∂q˙
)
− ∂L
∂q
= τ, (3.1)
the equation of motion of the system can be expressed in the following form:
M(q)q¨ + C(q, q˙)q˙ +G(q) + d(t) = τ, (3.2)
where M(q) ∈ Rn×n is the inertia matrix, C(q, q˙) ∈ Rn×n is the centrifugal-Coriolis
matrix and G(q) ∈ Rn is the vector of gravity. Vector d(t) ∈ Rn may consist
of frictions, uncertainty and disturbance terms. For simplicity, (3.2) can also be
written as
M(q)q¨ + f(q, q˙) = τ, (3.3)
where f(q, q˙) = C(q, q˙)q˙ +G(q) + d(t).
Now consider an underactuated mechanical system withm number of inputs such
that 1 ≤ m < n. By partitioning vector of generalised coordinates as q = [qTa qTu ]T
and vector of generalised forces as τ = [τTa 01×(n−m)]
T , (3.3) can be expressed in the
following form:⎡
⎢⎣Maa(q) Mau(q)
MTau(q) Muu(q)
⎤
⎥⎦
⎡
⎢⎣q¨a
q¨u
⎤
⎥⎦+
⎡
⎢⎣fa(q, q˙)
fu(q, q˙)
⎤
⎥⎦ =
⎡
⎢⎣ τa
0(n−m)×1
⎤
⎥⎦ , (3.4)
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where qa ∈ Rm, qu ∈ Rn−m, τa ∈ Rm, Maa(q) ∈ Rm×m, Mau(q) ∈ Rm×(n−m),
Muu(q) ∈ R(n−m)×(n−m), fa(q, q˙) ∈ Rm, and fu(q, q˙) ∈ Rn−m. It follows from the
second row of (3.4) that
q¨u = M
−1
uu (q)[−MTau(q)q¨a − fu(q, q˙)]. (3.5)
Substituting (3.5) into the ﬁrst row of (3.4) yields
q¨a = (Maa(q)−Mau(q)M−1uu (q)MTau(q))−1
× [− fa(q, q˙) +Mau(q)M−1uu (q)(fu(q, q˙)) + τa]. (3.6)
3.3 Modelling of oﬀshore gantry cranes
In this section, we present the models of two-dimensional (2-D) and three-
dimensional (3-D) oﬀshore gantry cranes. The 2-D model is presented in the form
of uncertain LTI system, and the 3-D model is presented as the extended model of
[103] with full DOF in the crane coordinates.
3.3.1 2-D model
The oﬀshore crane system considered in this study consists of a gantry crane
mounted on a ship vessel as visualize in Figure 3.1, where {OGxGyGzG},
{OBxByBzB} and {ONxNyNzN} are the coordinate frames of the ground, the con-
tainer ship, and the cart’s starting point, respectively. The oﬀshore crane system
motion is represented by three generalized coordinates, i.e., the position of the cart,
y, the length of the rope measured from the cart to the payload, l, and the sway
angle induced by the motion of the cart, θ. Let ht denote the vertical position of the
cart from OB, and dy denote the distance of the cart’s starting point from zB-axis.
The masses of the cart and payload are denoted bymc andmp, respectively. Let ζ(t)
be the heaving and φ(t) be the rolling angular displacement of the vessel. Thus, the
position vectors of the cart and the payload with respect to the ground coordinate
